ABSTRACT In recent years, multilayer photonic bandgap structures comprising stacks of alternating layers of positive and negative index have been proposed for a variety of applications, such as perfect imaging, filters, sensors, coatings for tailored emittance, absorptance, etc. Following a brief review of the history of negative index materials, the performance of such stacks is reviewed, with emphasis on analysis of plane wave and beam propagation, and possible applications in sensing. First, the use of the transfer matrix method to analyze plane wave propagation in such structures to determine the transmittance and reflectance is developed. Examples of cases where the Bragg bandgap and the so-called zero <n> gap can be used for possible applications in sensing are illustrated. Next, the transfer matrix approach is extended to simulate the spatial evolution of a collection of propagating and nonpropagating TE and TM plane waves (or plane wave spectra) incident on such multilayer structures. The use of the complex Poynting theorem in checking the computations, as well as monitoring powers and the stored electric or magnetic energy in any section of the multilayer stack, is illustrated, along with its use in designing alternating positive and negative index structures with optimal gain to compensate for losses in the negative index material. Finally, the robustness of PIM-NIM stacks with respect to randomness in the dimensions of the PIM-NIM structure is examined. This should be useful in determining the performance of such structures when they are physically fabricated.
I. INTRODUCTION
In the last decade, metamaterials have attracted considerable attention due to exciting potential applications that employ their exceptional properties not found in nature [1] . As the name suggests, metamaterials are artificial materials whose effective permittivity ε and permeability µ can be engineered for a specific application. Left-handed materials (LHMs) are a subset of metamaterials with an anti-parallel relation between wave propagation vector and the Poynting vector (direction of energy flow) which lead to negative refraction [2] . This phenomenon may happen in chiral media, photonic crystals (PCs) or waveguide structures. LHMs have been studied extensively in recent years due to their unique physical properties and novel applications [3] . Negative refraction of electromagnetic (EM) waves is the most interesting physical phenomenon exhibited by the left-handed metamaterial structures. Negative index materials (NIMs) are a subset of LHMs which, on top of exhibiting negative refraction, have negative values of the refractive index which may potentially lead to many novel optical devices such as perfect lensing (or super-resolution) [4] . Finally, double negative materials (DNMs) are a subset of NIM where the real parts of the permittivity and the permeability are both negative. This is a sufficient but not necessary condition for NIMs. Other unusual physical characteristics of NIMs are the reversal of Doppler shift and backward Cerenkov radiation [1] . In the literature, DNM, NIMs and LHMs are sometimes used interchangeably.
Historically, negative refraction of light and other waves has been first discussed by Mandelstam [5] in 1945. The dispersion curve of an optical phonon branch in a crystal lattice has been given as an example of such unusual media. The fact that refraction at the interface of one medium with ε > 0 and µ > 0 and another with ε < 0 and µ < 0 can not only be negative, but also reflectionless has been pointed out by Veselago [1] in 1968. Also, Veselago has introduced the concept of reversed Doppler shift and backward Cerenkov radiation beside negative refraction and backward wave propagation. After nearly 30 years since Veselago's seminal work, Pendry has proposed various magnetic resonant structures such as an array of cylinders, and a capacitive array of sheets wound on cylinders [6] . For each structure, it is shown that the effective permeability can be described as a resonant model, which exhibits a negative permeability over a certain frequency range. Additionally, Pendry later has proposed some variations on the split ring resonator (SRR) design so that it operates at infrared (IR) frequencies [7] .
The first artificial LHM has been designed by Smith et al. [8] using a combination of wires and SRRs. Smith et al. have reported the experimental demonstration of left-handed materials by stacking SRRs and thin wire structures as arrays of 1-D and 2-D structured composite metamaterials (CMMs) [9] . The medium is built by first printing a thin sheet of metal in the shape of circular split rings on one side of the dielectric substrate. The printed metal sheets have then been placed adjacent to a set of relatively large metallic posts [8] . Smith et al. have shown that a metamaterial containing only SRR has a stop band characteristic, while a metamaterial containing only rods has a high-pass characteristic. However, when both are present, a pass band appears near the stop band for the SRRs. From that, Smith et al. conclude that propagation is allowed at those frequencies due to the fact that the permittivity and permeability are both negative [10] . A medium with negative permittivity and permeability has a negative index of refraction [1] . The first experimental demonstration in this manner has been performed by Shelby et al. [10] . Upon placing a prism shaped metamaterial structure in a parallel plate waveguide, they have been able to observe the negative refraction and measure the negative index of refraction of the composite structure. Since then, several groups have proposed, designed and/or fabricated NIMs in the microwave [9] , [10] , THz and IR [11] - [15] , and the optical region [16] - [19] of the spectrum.
In addition to theory, NIMs have attracted growing attention in experiments and potential applications. A simple representation of NIM is using the transmission line (TL) approach [20] , [21] . Using the dual model of conventional TL, a new TL can be constructed using capacitance in series and shunt inductance. A general composite rightleft handed (CRLH) material is composed by capacitance (with some inductance) in series, and inductance (with some capacitance) in parallel. The CRLH is the basis of a lot of microwave components including antennas, couplers, and resonators [20] .
Cloaking is a widely sought useful military application. After the experimental realization of invisible cloak in the microwave regime [22] , a high interest in optical transformation, used for explaining cloaking in the optical region of the spectrum, thus invisibility, has been developed [23] - [27] . Some of other metamaterial applications include lensing beyond diffraction limit or superlensing [17] , frequency selective cloaks [23] , advanced optics [28] , and improved radomes [29] . In addition, since typical sizes of metamaterials for applications are small (unit cell λ/10) and they show a frequency response that can be tunable by design, metamaterials have been used in the design of highly sensitive chemical or biological detectors [30] .
LHMs are not the only materials that give rise to the negative refraction concept. Negative refraction is also achievable by using 2-D photonic crystals which may exhibit photonic bandgaps (PBGs) [31] , [32] . These are typically periodic structures constructed using high dielectric materials [33] . It has been proposed that negative refraction can also be obtained using liquid crystal (LC) cells [34] , [35] . The refracted beam is controlled using the electric field and temperature [34] . Kang et al. [36] have used an external magnetic field to obtain negative refraction in nematic LCs (NLCs). The authors have used a prism shaped NLC device and have shown that negative refraction is conveniently realized by changing the incidence angle of light and the direction of the applied magnetic field.
Considerable experimental work has been done in the area of multilayer metamaterial structures at visible wavelengths. Xu et al. [37] have demonstrated that stacked plasmonic waveguides yields an omnidirectional left-handed response for transverse magnetic polarization characterized by a negative refractive index at ultraviolet frequencies. Gao et al [38] and Maas et al [39] have experimentally realized permittivity (epsilon) near zero (ENZ). Gao et al [38] have fabricated and characterized ENZ metamaterial slabs at visible wavelengths based on metal-dielectric multilayers, including AuAl 2 O 3 pairs (4 pairs of 18 nm Au layer and 81 nm Al 2 O 3 layer), and Au-SiO 2 pairs (13 pairs of 20 nm Au layer and 80 nm SiO 2 layer). The effective permittivity is zero around 660nm for the first case and 620 nm for the second case, and was determined by measurement of the transmission, reflection and absorption over a range of wavelengths. Similarly, Mass et al [39] fabricated and tested ENZ metamaterial slabs at visible wavelengths based on Ag-SiN multilayers. The metal layer thickness was varied from 40 to 150 nm, and the dielectric layer thickness between 36 and 135 nm. They used interferometric phase measurements to show ENZ operation between 450 to 700 nm. Recall that in ENZ materials, the phase change of an EM wave traveling through the material is virtually zero.
Novel multilayer PBG structures using stacks of positive index materials (PIMs) and negative index materials (NIMs) have been proposed and used in the development of EM metamaterials for perfect lensing [4] , optical cloaking devices [40] , sensors [30] , [41] , etc. It is found that a zero averaged-refractive index (zero < n >) gap appears in a stack of positive and negative index materials [42] . The zero < n > gap has been verified experimentally [43] . Moreover, a ''single negative'' gap appears in a stack of single negative index materials (stacks of alternating negative permittivity and negative permeability media) [44] , [45] . The zero < n > and the single negative gap, contrary to the Bragg gap, are invariant with scaling and also insensitive to the incident angle. This is due to a fundamental difference between the origin of these gaps and the Bragg gap. The zero < n > gap and the single negative gap originate from the cancellation of the optical path in those stacks. In some special cases, it is possible to obtain complete tunneling within these gaps; this has applications in optoelectronic devices and structures that have the property of omnidirectional total transmission such as radomes in airplanes [46] .
The analysis of EM/optical propagation through these PIM-NIM PBG structures, where the longitudinal refractive index changes may be significant and abrupt, requires the use of numerical techniques. There are several methods for numerically solving electromagnetic problems for any arbitrary geometry, such as the Green's function method [47] , the multiple multipole technique [48] , and the finite difference time domain (FDTD) technique [49] , [50] . While the multiple multipole technique requires relatively little computational load, it requires a significant investment in user learning. The Green's function approach and FDTD require intensive computing load. Traditional paraxial (and nonparaxial) beam propagation methods (BPMs) for analyzing propagation through longitudinally inhomogeneous media are only helpful when the refractive index varies sufficiently slowly along the propagation direction, so that the accumulated reflections can be ignored [51] - [55] . The conventional BPM needs to be extended to account for forward and backward propagation [56] - [58] . The bidirectional (iterative/noniterative) BPM methods used to analyze PBG structures which usually express the propagation and interface matrices in terms of operators and simplify them using Pade approximants [58] . Furthermore, the polarization state of the optical fields plays an important role in the transmission (and reflection) across the refractive index boundaries. Also, in the case of highly focused beams with a waist smaller than the wavelength, simulations are often done far from the waist and with a power series expansion for the transverse and/or longitudinal fields; hence the evanescent waves are not taken into account [59] .
An alternative analysis for EM/optical propagation through PBG structures, including PIM-NIM structures which are of interest in this paper, is the transfer matrix method (TMM) [60] . Extension of TMM to a collection of plane waves or the angular plane wave spectrum can be used to analyze beam propagation through PIM-NIM PBG structures [61] - [64] . The TMM calculations are exact since they automatically incorporate bi-directional propagation, are less computationally demanding, are not limited by the thickness of the structures and can be performed for arbitrary angular plane wave spectra. The TMM approach can also be readily applied to a wide variety of other cases, such as for materials with complex refractive indices, and to study beam propagation through induced reflection gratings in nonlinear media [60] , [63] .
In this paper, the use of TMM to analyze plane wave propagation in PIM-NIM PBG structures is summarized. Examples of cases where the Bragg bandgap and the zero < n > can be used for possible applications in temperature and pressure sensing are illustrated [41] . We remark that the angle of incidence can, in general, be real or complex, implying traveling or evanescent waves. Thereafter, the TMM is extended to simulate the spatial evolution of a collection of propagating and nonpropagating TE and TM plane waves (or plane wave spectra) incident on a stack containing layers of positive and (complex) negative index materials (PIMs/NIMs), assuming one transverse dimension. Unlike the bidirectional (iterative/noniterative) BPM methods discussed above, each plane wave constituting a spectrum through the structure is tracked, and add all of them are finally added up to reconstruct the beam profile.
The complex Poynting theorem (CPT) is thereafter introduced, and is useful in monitoring power at each point of the system, in finding the stored electric or magnetic energy in any section of the multilayer stack, and in designing metamaterials by finding the gain needed to compensate for losses. As shown in the paper, the CPT, applied to a ''power box'', relates the incident and output powers. CPT also helps validate numerical techniques used to simulate multilayer PIM-NIM PBG structures, which may possess complex permittivities and permeabilities and have propagating and nonpropagating waves, by verifying the conservation of energy in any region of the structure [65] . The use of TMM and CPT in identifying the optimum gain in, say, the PIM, needed to compensate the inherent loss in a realistic NIM is illustrated. This technique can be used to design PIM-NIM stacks that can effectively and losslessly guide beams through the structure. On a related note, the robustness of PIM-NIM stacks with respect to randomness in the dimensions of the PIM-NIM structure is examined. Note that random perturbations can come from the layer thickness, the refractive index of the layer, or the random positions of PIM/NIM layers, or in general, a combination of the above. This may be useful in determining the performance of such structures when they are physically fabricated [66] , [67] . Our approach can also be readily adapted to modeling propagation of waves and beams in ENZ structures. 
II. THEORETICAL ESSENTIALS: TMM AND CPT

A. TMM FOR PLANE WAVES
It is well known that for an incident plane wave with a particular polarization state, TMM can be used to calculate the electric (E) and magnetic (H) fields inside and outside of multilayer structures, which can also give us the transmittance and reflectance of these structures. In this subsection we briefly review the 2x2 transfer matrices for the electric field in VOLUME 2, 2014 the TE polarization case, and for the magnetic field in the TM polarization case. Consider the stack shown in Figure 1 where the incident medium is indicated by ''0'', and the substrate is indicated by ''s''.
In general the electric or magnetic field can be written as:
where
In each layer (l) the electric or magnetic field consists of righttraveling and left-traveling waves defined as:
. For the multilayer structure as shown, the interfaces of the structure are in the x-y plane. The relation between the incidence parameters A 0 , B 0 and the substrate parameters A s , B s can be written as [60] :
For the TE case, the forward and backward components of the (transverse) electric field are related through (3), where the matrix M = M TE comprises a product of constituent matrices such as
, and ϕ l = k lz d l , where d l is the layer thickness of layer l. Similarly, for the TM case, the forward and backward components of the (transverse) magnetic field are again related through (3), where, now, the matrix M = M TM comprises a product of constituent matrices such as
where ρ lTM = η l (cos θ l ). Since it is more conventional to monitor electric fields, we can use relations such as
(derivable from Maxwell's equations) to thereafter determine the x and z components of the electric fields in the substrate. Electric fields in any layer can also be computed knowing the magnetic fields. Once all electric and magnetic fields have been found, one can, using Eq. (3), find the reflection coefficient and the reflectance as: and the transmission coefficient and the transmittance as:
B. EXTENSION OF TMM FOR BEAM PROPAGATION
The basic TMM introduced above can be extended to study the propagating of a collection of propagating and nonpropagating plane waves (plane wave spectrum) corresponding to a profiled beam through the multilayer structure. Our approach is in principle similar to that used to study plasmon resonance in metallo-dielectric structures [64] . Assume that m (k xm )represents the complex amplitude of the electric or magnetic field of a plane wave (m) with a transverse propagation constant k xm , which corresponds to an angle of propagation
As shown in Figure 2 , a collection of such plane waves constitutes the profile of the beam. Therefore, the APWS amplitudes can be determined, for instance, by taking a spatial Fourier transform of a function
which represents the beam profile. Each plane wave of amplitude m (k xm ) ≡˜ m (θ m ) and incident at an angle θ m is propagated through the multilayer structure using TMM to determine the complex forward and backward traveling complex amplitudes at any longitudinal position within and outside the structure. The profile of the beam at any longitudinal position within the multilayer structure as well as in the incident medium and the substrate can be determined by summing all the requisite complex amplitudes along with their associated ''phases'' similar to the relation in (10) above.
C. CPT AND POWER BOX
In this paper we adopt the following notation for the permittivity and the permeability, namely ε = ε −jε , µ = µ −jµ . Also, we denote N to be the number of layers of the multilayer structure. To check the accuracy and validity of the proposed method and to obtain the values of the input, output as well as the dissipative and stored powers in the structure, CPT can be applied through the Poynting power box technique. This box is assumed to have the faces parallel to the interface of the slab as shown in Figure 3 [63] , [65] . The complex Poynting theorem is a generalized version of the Poynting theorem where it is applied to the general case where the indices of refraction of the different layers of the structure, as well as to cases where the angle of incidence of the plane wave can be complex.
The complex Poynting theorem for a general anisotropic material is given by [65] :
where J t = jω ε − jε E + J i denotes the generalized electric current comprising the electric displacement, conduction, and source current terms, respectively, and M t = jω µ − jµ E + M i is the generalized magnetic current. Assuming there are no impressed sources in the layers J i , M i = 0 , we get [63] , [65] :
. P WE , P WM are proportional to the rate of change of the stored electric and magnetic energies, respectively. P DE , P DM are the dissipated electric and magnetic powers, respectively, and P IN and P OUT are the powers on the incidence and exit faces of the box, respectively. Following Ref. [56] and generalizing to include the angle of incidence of a TE plane wave,
where, the subscript 'r' denotes relative value. Assuming that the incident medium is lossless, P DE(inc) = P DM (inc) = 0. For the i th layer,
If z out < z N , it is trivially true that P WE(sub) = P WM (sub) = 0, while if z out > z N ,
Finally, assuming that the substrate is lossless, P DE(sub) = P DM (sub) = 0. Now, from Eqs. (13) to (15), the total stored and dissipated powers in the power box, assuming z out > z N , can be written as:
For other values of z out , the relations in (16) must be suitably modified to include only the pertinent distance(s) involved. Due to the conservation theorem given in Eq. (12), the sum of Re(P OUT ) and P D = P DE + P DM , which by definition equals Re(P BOX ), should be equal Re(P IN ). Also, the sum of Imag(P OUT ) and the quantity (−P WE + P WM ), which by definition equals Imag(P BOX ), should equal to Imag (P IN ).
A similar derivation can be performed for TM polarization. In passing it should be noted that by using the power boxes from z = [−z in , z out ] and z = [−z in , z out ], the power balance in the incremental region z = [z out , z out ] can be determined.
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This can aid in determining stored energies and losses at each point within a (multilayer) structure. The power box can help design strategies for compensation of losses in the NIM material comprising a PIM-NIM multilayer structure, as will be shown in an example below. As shown by Xiao et al [68] the incorporation of a gain material within a metamaterial can compensate for inherent losses of the NIM.
The CPT power box can also be applied to a collection or spectrum of plane waves. In this case, each incident plane wave is tracked through the multilayer structure using TMM and the power box is applied using Eq. (12). The total contribution from all plane waves is found by adding the respective power box components of each constituent plane wave in the plane wave spectrum. The justification of this approach stems from Parseval's theorem which shows the equivalence of powers computed in the spatial and spatial frequency domains.
III. ILLUSTRATIVE EXAMPLES A. EXAMPLE 1: PLANE WAVE PROPAGATION THROUGH PIM-NIM STACK
As a first example, consider a stack comprising 5 periods of alternating PIM-NIM layers of layer thickness d p = d n = λ 0 4, (p, n for positive and negative layers, respectively), ε rp = −2.25, µ rp = −1 for each PIM layer, and ε rn = −2.25, µ rn = −1 for each NIM layer. The wavelength in this example is taken as λ 0 = 405nm, which is the wavelength where a co-sputtered SiC+Ag nanomixture has been recently shown to demonstrate negative index (more on this to follow later) [19] . It is to be noted that in general, the permittivity and permeability of the NIM is complex (as shown in an example later), and also frequency dependent. TMM and CPT can be applied at each frequency of interest to determine system performance and power budgets at each frequency. Without loss of generality, the incident medium and the substrate are assumed to be air, or n i = n s =1. The total thickness of the PIM-NIM structure is then D = 1.0125µm. The incident TE field is taken to be 1 V/m. The problem is solved using TMM, which also gives the E and H fields at every point during propagation, and the CPT is employed above to monitor power at each point of the system. The output face of the power box, z out , is taken to vary from z =0 + to a distance z = D+0.1λ 0 , while the input face is fixed at z = −z in = −0.1λ 0 . The results for the plane wave TE case and θ i = 0are shown in Figure 4 . Figure 4(a) shows the real and imaginary parts of P OUT , P BOX , −P WE + P WM as a function of the distance z out, . Figure 4(b) shows the electric and magnetic stored power in the Poynting box versus the distance z out . The error between P IN and P BOX , normalized to the incident power, is less than 0.035%. In this case, P IN = 0.0027W/m 2 and equal to the incident power since there is no net reflection from this PIM-NIM structure. Note that P DE = P DM = 0 since the permittivity and permeability of the PIM and NIM layers are real. The complex Poynting theorem is clearly satisfied, as seen from Figure 4 4. Verification of the power conservation relation P IN = P OUT + P DE + P DM + j (−P WE + P WM ) ≡ P BOX ; (a) Plots of the real and imaginary parts of P OUT , P BOX , −P WE + P WM as a function of the distance z out ; (b) plots of the electric and magnetic stored power in the Poynting box versus the distance z out .
Remark 1:TMM simulations for the above case show that there is no reflected electric or magnetic fields back into the incident medium. This can be attributed to the fact that the optical path length through the PIM-NIM structure is equal to zero. Note also that the electric and magnetic fields are continuous at the interface between the PIM-NIM layers. The observed discontinuity in the slope of the magnitude of the electric (magnetic) field is in agreement with the continuity of the magnitude of the magnetic (electric) field at the PIM-NIM boundaries, since the sign of the permeability (permittivity) also changes across the interface. At the NIM-PIM boundaries, the slopes happen to be equal to zero for the problem at hand.
Remark 2: As another related example illustrating that the power box can be located in any arbitrary position and be of arbitrary length, consider the case where the input face of the power box is taken to be at the start of the first period and the output face to be at the end of the first period, where a period comprises a PIM layer (ε rp = 2.25, µ rp = 1) followed by a NIM layer (ε rn = −2.25,µ rn = −1). For a TE plane wave incident with an angle of incidence θ in = π/6, P IN = 0.0023W/m 2 = P BOX , which is lower than the P IN in Example 1 above, as expected.
Remark 3: Typical illustrative results from power box calculations for different material parameters, and angles of incidence, and for number of layers and layer thicknesses as in the above example are summarized in Table 1 .
As before, it is assumed that the incident medium and the substrate both have the material parameters as for free space. The power box is again bounded by z = −z in = −0.1λ 0 and z out = D+0.1λ 0 . Note that for real angles of incidence (propagating waves), P IN and P BOX are in general, complex, unless the PIM-NIM layers have matched impedances. If, however, the incidence angle is complex, implying evanescent waves, P IN and P BOX are imaginary.
B. EXAMPLE 2: PLANE WAVE PROPAGATION THROUGH PIM -(DISPERSIVE) NIM STACK; APPLICATION AS TEMPERATURE-PRESSURE SENSOR
As a variation, we assume a multilayer structure composed of 7 periods of NIM-PIM in this case. The index of refraction of PIM is taken to be 1.5. The NIM is taken to be dispersive, and the frequency-dependent permittivity and permeability of the NIM layer are taken to be
respectively, with ω pe = 1.1543 × 10 11 rad/s, ω 1 e = ω 1 m = 2π ×5×10 6 rad/s, ω pm = 1.6324 ×1011 rad/s, γ e = 2×γ m = 2π ×6×10 6 rad/s [56] . The real parts of ε r and µ r are negative for frequencies f < 18.5GHz. Assume that the thickness of each cell composed of a NIM layer and a PIM layer is Figure 5 shows the transmittance and reflectance for a multilayer structure composed of 14 layers (7 cells) where . 3), the center frequency for the zero <n> bandgap is lower, viz., at 10.2 GHz; while for a higher duty cycle (D = 0.7), the center frequency is 16.32 GHz. This is because for lower (higher) frequency, the refractive index of the NIM material, calculated from the permittivity and permeability relations, is more (less) negative; hence, a smaller (larger) layer thickness d NIM is needed to attain zero <n>. The variation of transmittance with frequency for three different values of the duty cycle of the NIM layer has been plotted in Ref. [41] .
Remark 5: The center frequency of the Bragg gap is shifted with the thickness change but the center frequency for the zero <n> gap remains invariant with scaling. The simple reason for this is that if a material has a net zero refractive index, the reflection coefficient is equal to ±1, irrespective of the refractive index of the incident medium. However, as clear from the figure, the spectral width of the zero <n> gap changes with the scaling. Interestingly, for the chosen dispersion relation, the width of the Bragg gap does not appreciably change with scaling. A decrease (increase) in the cell thickness is seen to broaden (narrow) the width of the zero <n> gap at a reference transmittance value picked for convenience below the side lobes. Details can be found in Ref. [41] .
Remark 6: The existence of two bandgaps has been shown to be advantageous in identification of the stimuli, e.g., temperature and pressure using a NIM-PIM structure [41] . Unequal changes in the refractive index of the PIM relative to that of the NIM (possibly occurring from temperature change) shifts the center frequencies of both zero <n> gap (which only appears in PIM/NIM structures) and the Bragg gap; but a change in the thickness of the cell (possibly occurring from pressure/strain) only shifts the center frequency of the Bragg gap. Note that any thickness change due to temperature would in general change the center frequencies of both gaps. Thus, change in cell thickness due to pressure only can be uniquely determined. Therefore, by employing this unique feature of the two types of bandgaps, it should be possible to segregate the effect of temperature change from the change in pressure/strain, hence eliminating cross-sensitivity.
C. EXAMPLE 3: GAUSSIAN BEAM GUIDING THROUGH PIM-NIM STACK
Propagation of a monochromatic Gaussian beam through a stack of alternating layers of PIM-NIM materials have been analyzed using paraxial ray-optics and q-parameter approach [69] . This has also been used to derive expres-VOLUME 2, 2014 sions for the change of the spot-size of the Gaussian beam during propagation through the stack. However, a rigorous analysis of Gaussian beams with spot sizes smaller than the wavelength can be only performed using TMM, since TMM can accommodate for complex angles of incidence (such as encountered for evanescent waves).
First, we use TMM to determine all E and H fields during the propagation of a TE Gaussian beam profile through the PIM-NIM multilayer structure (the TM case can be done in a similar way). The beam is decomposed into 256 plane waves. For material parameters ε rp = 2.25, µ rp = 1 for each PIM layer, and ε rn = −2.25, µ rn = −1 for each NIM layer, guiding of the Gaussian spectrum is noted, as expected, for both TE and TM polarizations. Note that the chosen values of permittivity and permeability for the NIM yields a real value for the refractive index (and hence a non-lossy NIM), which is not the case in practice, since the NIM often has an imaginary part due to loss. An example of a lossy NIM will be treated in the following example (Example 4) in connection with the optimum gain that can be incorporated in the PIM comprising the PIM-NIM stack to compensate for the losses in the NIM. Typical plots of the incident and transmitted profiles calculated using TMM, for initial width w 0 = λ 0 /2 and incident peak TE field of 1 V/m, is shown in Figure 6 (a) for 5 PIM-NIM periods. The results are in excellent agreement with that obtained from finite element methods (FEM). FEM has been extensively used to analyze transmission through layered structures, such as metallo-dielectric stacks (MDS) at visible wavelengths to achieve super-resolution imaging [70] . It has been shown, for instance, that diffraction can be suppressed in a realistic one-dimensional metallodielectric stack [71] . Computations have been performed using FEM and checked against TMM for consistency. Ceglia et al [72] have shown that a multilayer MDS could be used for high transmission, broadband super-resolution across the visible region. Their simulated MDS consists of silver (Ag) and Gallium Phosphide (GaP) layers that are designed for high transmission. FEM has also been used to analyze propagation through a bulk NIM materials such as a slab and a prism [73] . larger than k 0 , indicating evanescent waves. Contour plots of the electric fields within the structure for w 0 = λ 0 /2 and using TMM is shown in Figure 7 . The TMM approach is able to give precise values and profiles for all forward and FIGURE 7. Contour plot of the magnitude squared of the electric field inside the PIM-NIM multilayer structure for w 0 = λ 0 /2 and for TE incidence using TMM.
backward propagating fields anywhere within and outside the structure, and can also accurately track the profiles irrespective of the width of the initial profile.
Before ending, we comment on the performance of TMM as compared to FEM. While the FEM results are very similar to the TMM the program run time in the latter is less and takes less memory to find the solution. Typically, for an Intel Core I7 930 @2.8 GHz with an 8GB memory, for a 40 layered structure, an FEM solution takes around 200 sec while using TMM it takes 50 sec. For 100 layers, the FEM technique takes approximately 170 sec while TMM takes only about 60 sec, suggesting that the execution time difference is nonlinear with respect to the stack length.
Since E and H at every point in a multilayer structure can be found as shown above, we will now demonstrate the application of the CPT power box for the TE Gaussian beam case with the total number of layers taken to be equal to 2 (i.e., 1 PIM and 1 NIM layer) for w 0 = λ 0 /2, and ε rp = 2.25, µ rp = 1 for the PIM layer, and ε rn = −2.25, µ rn = −1 for the NIM layer. The powers are summed for all angles that compose the Gaussian beam. Figure 8 shows the real and imaginary parts of P BOX , P WE and P WM as a function of the distance z out changing from 0 to 2×(λ 0 /4)+ 0.1λ 0 . In this case, P IN = 2.0832 + j0.0027 W/m 2 , with the imaginary part arising from the fact that part of the angular spectrum of the Gaussian has nonpropagating components. As expected, Eq. (12) is verified.
D. EXAMPLE 4: GAUSSIAN BEAM GUIDING THROUGH PIM-NIM STACK WITH GAIN-LOSS
It can been shown that the incorporation of a gain material within a metamaterial can compensate for inherent losses of the NIM [68] . This is shown through the example below for a multilayer PIM-NIM system where the loss in the NIM can be balanced through providing gain in the PIM. For this example, a hypothetical two-layer PIM-NIM system with w 0 = λ 0 , and ε rp = +0.5 + j0.923, µ rp = 1.5 + j0.421 FIGURE 8. Plots of the real and imaginary parts of P BOX , P WE and P WM as a function of the distance z out when w 0 = λ 0 /2, and ε rp = 2.25, µ rp = 1 for the PIM layer, and ε rn = −2.25, µ rn = −1 for the NIM layer and P IN = 2.0832+j0.0027 W/m 2 .
(which gives n = 1 + j0.8) and ε rn = −0.5 − j0.923, µ rn = −1.5 − j0.421, (which gives n = −1 − j0.8) is considered. This choice is motivated by the fact that, as stated earlier, a co-sputtered SiC+Ag nanomixture NIM shows a similar complex effective index at 405 nm [19] . Figure 9(a) shows the real and imaginary parts of P BOX and P OUT ; P WE , P WM , P DE , P DM as a function of the distance z out changing from 0 to 2×(λ 0 /4)+0.1λ 0 . In this case, P IN = 9.6844 W/m 2 , which is real, since there is expected to be no net reflection, and there are negligible evanescent components in the angular plane wave spectrum. Note that the dissipated power is increasingly negative in the PIM (left region) indicating gain, and this is sufficient to exactly compensate the loss in the NIM (middle region). The exact variations of the dissipated power, stored energies, etc. are also clear from the plots.
Remark 7: Interestingly, for the same index of refraction, there can be more than one combination of permittivity and permeability. For instance, for the PIM, n = 1 + j0.8, one can also check that ε rp = +0.36 + j1.6, µ rp = 1 is a viable choice of permittivity and permeability. Now, using this and ε rn = −0.5 − j0.923, µ rn = −1.5 − j0.421, (which gives n = −1 − j0.8) for the NIM overcompensates for the losses in the NIM, as shown in Figure 9 (b). In this case, P IN = −43.08 + j45.44 W/m 2 is complex since although the refractive indices of the layers are equal and opposite, the permittivities and permeabilites of the two layers are not similarly related.
E. EXAMPLE 5: PERTURBATION OF PIM-NIM STACKS
While the previous examples have all focused on the properties of wave propagation in a periodic PIM-NIM stack, it is interesting to investigate the problem of propagation through a random stack of PIM-NIM materials, in order to study, for instance, the robustness of such a multilayered structure. Note that random perturbations can come from the layer thickness, VOLUME 2, 2014 FIGURE 9. Real and imaginary parts of P BOX and P OUT ; P WE , P WM , P DE , P DM as a function of the distance z out changing from 0 to 2 × (λ 0 /4) + 0.1λ for two-layer PIM-NIM system with w 0 = λ 0 , and (a) ε rp = +0.5 + j 0.923, µ rp = 1.5 + j 0.421 (n = 1 + j 0. the refractive index of the layer, or the random positions of PIM/NIM layers, or in general, a combination of the above.
For a wave propagating in a one dimensional periodic stratified medium in the propagation direction, the unimodular matrix in Eq. (4) can be written as [67] 
, N is the number of p-layer periods comprising the q-layered structure 
where the m ij s are obtained from Eq. (18) . Consider the perturbation in layer thickness due to fabrication error as an example. Here it is assumed that a PIM/NIM sandwich or ''cell'' has constant thickness (2d) but there is randomness in the location of the boundary between the PIM and NIM. The composite transfer matrix of this cell is
where In Eq. (20) ε is a (dimensionless) perturbation parameter, εdZ l is the additional random thickness for the first (+) and second (-) layer comprising each ''cell'' respectively, while maintaining a fixed overall cell thickness; and Z r are independent normalized (to d) identically distributed random variables with probability density functions f Z r (Z r ), with
The transfer matrix of a ''macrocell'' which we define as a collection of p/2cells can be written as
P l . Note that several macrocells may comprise the entire structure, i.e., Np = q, where N is an integer. Since the random variables are independent, let us define the average transfer matrix of each cell as
Then
2 , where 1,2 are the eigenvalues ofP. Details can be found in Ref. [66] .
As an example, an alternating stack (p = 2; d 1 = d 2 = 1cm) of PIM (air) and a dispersive NIM with the permittivity and permeability given by: where f is the frequency measured in GHz is considered [74] . Figure 10(a) shows the values of the permittivity and permeability as functions of the frequency. Figure 10 (b) shows the transmittance for normal TE incidence for different number of periods, namely N = (4, 25,∞). As N increases it reaches the limit where N → ∞ computed through Eq. (19) . Similar to Example 2, the existence of both Bragg and zero < n > bandgap are confirmed. The zero < n > bandgap is between 2-3 GHz while the Bragg gap (where the stack is PIM/PIM) is between 6.5-7.5 GHz. (21) is taken as the average over 10 3 realizations. We notice that if the perturbation parameter is small (ε < 1/2) on average there is no major shift of the bandgaps and that signifies the robustness of the multilayered structure due to imprecision in fabrication. The inset in Figure 11 shows the standard deviation σ Tr [T ] . The standard deviation is contained to values less than unity, signifying relatively small changes in the average bandgap.
Using the transfer matrix method Anderson localization has been studied in single negative and double negative metamaterials. For the one-dimensional random systems composed of two different single negative single negative metamaterials, in which either the permittivity or the permeability is negative, the long-wavelength limit is found to be similar to that of the traditional random systems made of double positive materials. Contrary to double positive [66] . materials, the localization length is found to be smaller than the decay length for the corresponding periodic structure [44] . On the other hand, wave propagation in mixed, 1D disordered stacks of alternating right-and left-handed layers reveal that the introduction of DNM substantially suppresses Anderson localization [75] . It has been also shown that localization is suppressed at long-wavelength resonances which largely disappear when left-handed materials are introduced.
IV. CONCLUSION
In this paper, a brief review of the history of negative index materials is presented, followed by the analysis and performance of PIM-NIM stacks. It has been shown that TMM can be effectively applied to analyze beam propagation through such structures. Also, the use of CPT has been illustrated, not only to verify conservation of energy for the case of plane wave and Gaussian beam for several illustrative cases, but also to calculate the values of the input, output as well as the dissipative and stored powers in the multilayer structure. It has been also shown that CPT can be effectively used to design PIM-NIM structures with the right amount of gain in order to compensate for losses resulting from the imaginary part of the refractive index of the NIM.
Also, by using TMM, it has been shown that for an alternating stack of (nondispersive) PIMs -(dispersive) NIMs, there exists a zero <n> bandgap over and above the conventional Bragg bandgap(s) in the transmittivity (and reflectivity) spectrum. The effectiveness of such structures as sensors has been discussed. Cross-sensitivity can be minimized by utilizing the unique properties of the two different types of bandgaps. Zero <n> bandgap structures have the added advantage of being relatively immune to the angle of incidence for both TE and TM polarizations. Then, the transmission properties of EM waves through a disordered multilayered stack of PIMs and NIMs has been analyzed using TMM. It is shown that the bandgap position does not change much due to the perturbations, which makes the multilayer stack robust against fabrication inaccuracies. Finally, an example of a PIM-NIM multilayer structure is given, which shows that different performances of bandgap structures can occur even with the same values of the (complex) refractive indices.
